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1
An Introduction to Differential Equations

1.1 First Principles

» A differential equation is an equation involving an (often unknown)
function and its derivatives.

» An ordinary differential equation involves an independent variable
(say, x), a function (say, y (x)), and one or more of its derivatives.

» The order of a differential equation is the order of the highest deriva-
tive that appears in the equation.

» A solution to a differential equation is a function that satisfies the

equation.

> A general solution to a differential equation is a family of infinitely
many possible solutions, often involving arbitrary constants. With
additional information such as initial conditions, we can determine a
particular solution that no longer involves arbitrary constants.

» A first-order differential equation is separable if it can be rewritten as
M (x) dx = N (y) dy.
To solve this, directly integrate both sides of the equation.

» In some cases, we'll need a substitution in order to make the equation
separable.

- Ify’ = f (ax + by + c) , we employ a linear change of variable. Let
u=ax+by+c = u' =a+by.

- Ify’ = f (y/x), welety = xv, and y’ = x0’ + 0.
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Example 1. The decomposition of a radioactive element is proportional
to the amount of substance present at any given time. Model this phe-
nomena by means of a differential equation, and find its solution.

Solution. Let x () denote the amount of radioactive substance present
at a given time t. The derivative dx/dt represents the rate at which the
amount of substance changes over time, and we have

dx
— o X.

dt

As an equation, we introduce a proportionality constant—since radioac-
tive substances decrease in amount over time, we know that this constant

must be negative. We thus have the first-order differential equation

d_x = —kx, where k > 0.

dt

We check that the units agree with one another: x is measured in units

of mass, dx/dt is measured in pass per unit time; thus, k must have units

[time] . The constant k is known as the decay rate of the element.
There is an ‘obvious’ solution: the constant zero function x (t) = 0 satis-

fies the differential equation. This, however, is not particularly interesting,

as this would assume that there is no amount of radioactive substance at

any given time. We may thus assume that x (¢) # 0: in this case, we may

divide throughout by x to yield

ldx __
xdt

By the chain rule of differentiation, the left-hand side is the derivative of
In |x| with respect to ¢. Thus,

T In|x| = —k.

Integrating both sides with respect to ¢ then yields
In|x| = -kt +c,

for some arbitrary constant ¢ € IR. Taking the exponential of both sides,

we arrive at a solution:
x (t) — e—kt+c — Ae_kt,

where A = e is an arbitrary constant. Note that when ¢ = 0, we have
x (0) = A: our arbitrary constant A thus gains some physical meaning—it
must represent the initial amount of substance present.

To determine the value of the decay constant k, more information,
such as the half-life of the radioactive substance, is required. If the half-
life is known to be 7, then it takes 7 amount of time for the substance to
decrease by half: x (7) = x(/2. Plugging this into our solution yields
r In2

= k=—

Xo _
— = Xpé€
2 T

Note that, indeed, k must be positive, as we have established when we set
up the differential equation.
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Example 2. Solve the differential equation

dy_ X 2
dx_e (1+y).

Solution. We can solve this equation by a separation of variables:

1
/1+y2dy=/exdx = tan'y=e"+c.

We have a general solution, which we may rewrite as y = tan (e* +¢)

(though this is not necessary).

Example 3. Solve the differential equation

dy 1-2y-—4dx

dx 1+y+2x’
Solution. Observe that we may rewrite the differential equation as

dy 1-2(y+2x)
dx 1+ (y+2x)

We employ a linear change of variable: let

+2x = du _ dy +2

u= X — = == +2.

y dx dx

Thus, our differential equation becomes
du 1-2u du 3
— = +2 = —= .
dx 1+u dx 1+u

This is now a separable equation!

2
u
/1+udu=/3dx = u+?=3x+c.

Since u = y + 2x, we thus have the general solution

(y+ 2x)2

y+2x+T =3x+c.

Example 4. Solve the differential equation
d
ny—y - y2 +x%=0.
dx

Solution. Observe that we may rewrite the differential equation as

dy y*—x* _1(y x)

Xy

Consider the substitution u = y/x, ory = xu, such thaty’ = u + xu’.

dx 2xy 2

Substituting this into the differential equation yields

du 1 1 du 1 1
u+x—=-|lu--| = x—=—u+-].
dx 2 u dx 2 u
Observe that this is now a separable differential equation!

2 1
/z—uduzf——dx = In(u*+1)=-Ilnx+c
u+1 X

Since u = y/x, we thus obtain the general solution

2 2
ln(y—+x)=c e y—+x=A.
x X
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1.2 The Geometry of Differential Equations

» A direction field (or a slope field) is a graph representing how the
solution to a differential equation changes at various points. To sketch
a direction field corresponding to a differential equation y’ = f (x,y),
simply select various points (a, b) on the xy-plane; at each of these
points, draw a short line segment whose slope is given by f (a, b) .

» An equilibrium solution of a differential equation is a solution that is
constant; these correspond to horizontal lines on a direction field. An
equilibrium solution y (t) = f is said to be stable if solutions about this
equilibrium approach fast — oo. Otherwise, the equilibrium point is
said to be unstable.

Example 5. Sketch a direction field for and determine any equilibrium

points of the differential equation
y' =y

Solution. If y (x) is a solution to the differential equation, then the slope

at every point (a, b) on the graph of y (x) is simply b.

.

\

\

The slope field allows us to predict the long-term behavior of the solution
y (x) without finding it explicitly: in this example, we find that, depending
on the initial conditions, the solution y (x) can either infinitely increase,

infinitely decrease, or stay constant at y = 0. In particular,

» the differential equation has only one unstable equilibrium, at y = 0;

» when y (0) > 0, then y’ > 0 and any solution y (x) increases towards
positive infinity;

» when y (0) < 0, then ¢y’ < 0 and any solution y (x) decreases towards
negative infinity.

Figure 1: A slope field for y’ = y. The
graphs of particular solutions y (x) = Ae
for various values of A have been plot in
red.

X
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Example 6. Consider the following differential equation:

dy 1

— = —10y (20 — 1-—y].

I y(20-y) ( 20 y)

1. Determine the equilibrium solutions of this differential equation, and
state whether each equilibrium point is stable or unstable.

2. Determine the value of y as t — oo when y (0) = 15. Does your answer
change when y (0) = 150?

Solution. The equilibrium solutions occur when dy/dt = 0: we thus have
y = 0,y = 20, and y = 30. Observe that the sign of dy/dt changes as we
plug in different values of y :

dy {+ when x < 0 and 20 < x < 30,

dt — when 0 < x < 20 and x > 30.

We can sketch out a sign diagram for dy/dt.

dy
dt + - + -
y — 0 < 20 — 30 <

Thus, if y (0) = 15, we find that y’ < 0 and y decreases towards the
equilibrium at 0 as t — co. When y (0) = 150, we find that y’ < 0 and y
decreases towards the equilibrium at 30 as ¢ increases.

Yy Figure 2: A sketch of the slope field

for the given differential equation. The
equilibrium solutions have been graphed
in red.
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1.3 Population Dynamics

» The Malthusian model assumes that the rate of change of a popula-
tion is proportional to its present value:

—=ky = y) = yoekt, where yo = y (0) .

The Malthusian model assumes that, in the absence of limiting factors,
a population would grow exponentially with growth rate k.

» The Verhulst model assumes that the growth rate varies according
to the present value y of the population. When y is small, the growth
rate is approximately constant; this growth rate decreases as the pop-
ulation y increases, eventually becoming negative upon exceeding the

population’s carrying capacity Yy :

The Verhulst model assumes that a population grows logistically, such
that given any initial population,

lim y (¢) = Yoo-

t—00

Example 7. Solve the Verhulst differential equation given a known initial

d
d—!t/= [k(l—yi)]y, y (0) = yo.

population:

(o)

Solution. We perform a separation of variables:

/y(l—y/yoo) /kdt

To evaluate the integral on the left-hand side, we perform a partial frac-
tion decomposition:
1 e 11
Y(1-y/ye) YWeo-1y) Y Y-y

Hence, we find that

1 1
—+ d =/kdt = Inly|-In|yo —y| =kt +c.
/y Yoo — 1 Yy Y Yoo — Y

Combining terms and exponentiating yields

Yoo —kt
— —1=Ae = t _—
y y (1) = 1+A mrd

When t = 0, we have y = yo, 50 A = Yoo /yo — 1. Thus, we find that

_ Yoo
y(t)= 1+ (Yoo /yo — 1) eFt
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Example 8. A certain population behaves according to the Verhulst
model with time measured in years. A constant number E of this species
is captured per year. Model this situation as a differential equation. De-
termine any equilibrium solutions, and hence, find the largest possible
number E of species that can be captured such that the population does
not go extinct.

Solution. We may directly modify the Verhulst equation to account for
the harvesting of species:

d k
& [k(l—i)}y—E:——y2+ky—E.
dt Yoo Yoo

The equilibria of this differential equation can be computed with the
quadratic formula:

~k + \k? —4kE/yes  k F \k? — 4kE/ye

y:

Note that if k? — 4kE/y. < 0, then the differential equation has no
equilibrium points. In particular, dy/dt will always be negative: any
solution to the differential equation will be a decreasing function, and the

population is bound to disappear. We thus require that
k?* —4kE/yo >0 = E < kyun/4,

and we can capture at most E = kyo,/4 of the species per year without
causing the population to go extinct. We now have a few different possi-
bilities for the equilibria of the differential equation:

Casel. IfE = kyc/4, there is one equilibrium point at § = yeo/2.
This is an unstable equilibrium: if yo > f, then the population
decreases towards the equilibrium; however, if yo < S, the
population decreases rapidly until extinction.

Case2. IfE < kye/4, then the differential equation has two equilibrium
points:

k= k¥ = 4kE[ye 5 k+vk? = 4kE/ye,

A T Ty

The equilibrium point at y = f, is stable, since small fluctua-
tions about this point will allow the population to return to this
equilibrium. On the other hand, y = f; is an unstable equil-
brium since a fluctuation about this point can potentially lead

the population to extinction.

We may visualize the populations’ trajectories by roughly sketching out
some slope fields of the differential equation for various values of E, based
on the signs (i.e., positivity or negativity) of dy/dt.

11
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values of E.
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Linear Differential Equations

2.1 First-Order Linear Equations

> A first-order linear differential equation is an equation of the form
a(x)y +b(x)y=c(x), witha(x) #0.
We can solve this by the method of integrating factors:
1. Rewrite the entire equation in standard linear form:
y'+p () y=q(x).

2. Calculate the integrating factor u = ef P dx.

3. Multiply both sides of the equation by u:
u(y +py) =uqg = (uy)’ =uq.
4. Integrate both sides of the equation.

» A Bernoulli differential equation is an equation which can be
expressed in the form

Y+p(0y=q@y" = y Y +y'Tp(x) =q).

To solve this differential equation, consider the substitutionv = y
so v’ = (1 —n) y "y’. Then, the Bernoulli equation is simply

v’ +o(l-n)p(x)=q(x)(1—n).

This is a first-order linear differential equation, which can be solved

using the method of integrating factors.
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Example 9. Find the general solution to the differential equation
xy' —y=x.

Solution. Observe that the differential equation is linear, but not separable—
we thus solve it by using an integrating factor. First, we we rewrite it in
standard linear form: dividing throughout by x, we have

' = 2.
y xy x

We calculate the integrating factor: observe that p (x) = —1/x, and so our
integrating factor is

1
/p(x) dx=-lnx = u=e P¥=_,

x
Multiplying both sides of the equation by the integrating factor yields

1(, 1 1, 1Y
“|y-=yl==-(x*) = |-y| =x

x x x x

Integrating both sides with respect to x then yields the general solution

1 xz+
—y=—+c.
xy 2

Example 10. Solve the following differential equation:

xy' —y = —xy’.

Solution. Observe that the differential equation is Bernoulli, since it can

be written in the form

’ 1 _ 2
Yy xy_ y-

Dividing throughout by y?, we have

L, 1
y Y -yt =L
pe

Thus, we let o = ¢y, and o’ = —y % yy’. Hence,

’ l 7 1
- ——0=-1 or o +—-0v=1.
X X

1/xdx

This is a linear equation with integrating factor el = x. Hence,

v , 1,
—x+0=x = (xv)'=x = xv=-x"+c
dx 2

Substituting the original value of v back, we end up with

1
—=-x*+c
2
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Example 11. An object of mass m, initially at rest is dropped from a
certain height. As it falls towards the earth, it experiences a downward
gravitational force, as well as an upward drag force. It is known that this
force due to air resistance is directly proportional to the object’s speed.
Use Newton’s Second Law to set up a differential equation modeling this
system. Hence, or otherwise, determine the downward displacement x

travelled by the object as a function of time ¢.

Solution. By Newton’s Second Law, the sum of forces acting on an object
is equal to the product of the object’s mass and acceleration, F = ma,
where a (t) denotes the object’s acceleration at time ¢. In this case, we
have two forces acting on the object: we have

» aforce due to gravity, Fyravity = mg, where g ~ 9.81..m s 2 is the
constant acceleration due to gravity, and

» a drag force in the opposite direction: Fyrag = —ko, where v (t) denotes

the velocity of the object at time ¢, and k is some constant.

Since acceleration is the first time derivative of velocity, we thus have the
differential equation

mv’ = mg — ko.

This is a linear differential equation: writing it in standard form, we have
, k
o'+ —v=g.
m

We have the integrating factor el Kimdt — okt/m Multiplying this to both
sides of the equation yields

kt/m (UI+ 50) _ ekt/mg N (ek’/'”v)' _ ekt/mg.
m

Integrating both sides of the equation with respect to ¢ yields

m
ekt/m _gekt/m

0= +c.

Since the object starts at rest, we know that o (0) = 0. Thus, ¢ = —mg/k, ad
we have the solution to the differential equation

v(t) = % - %e_kt/m = % (l —e_kt/m) .

To determine the distance x (t) travelled by the object, we can simply

integrate our expression for the velocity:

x(t) = / % (1 —e_kt/m) dt = % (t+%e_kt/m) +c.

Setting the starting point as the origin, we have x (0) = 0,and soc¢ =
—m2g/k, and the displacement of the object is given by

x () = % (t+% (e’kt/m—l)).

Remark. Note that the differential equation can also be solved by a sepa-
ration of variables—try it out!

15
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2.2 Higher-Order Linear Differential Equations

» A linear differential equation with constant coefficients is an
equation of the form

any(") + an_ly("‘l) +---+ay +ay = f (x), where a; € R.

When f (x) = 0, the equation is said to be homogeneous; otherwise,
the differential equation is non-homogeneous.

» Consider the homogeneous linear differential equation
any™ + a1y D 4+ agy’ +agy = 0.

To determine solutions to this differential equation, we make a guess:
we try y (x) = e’*. Plugging this into the differential equation yields its
characteristic equation:

ap A+ ap A 4+ agd 4 ag = 0.
- If A € R is a real, distinct root, then a solution is given by

7

- If A € R is a repeated root with multiplicity r, then solutions are ob-
tained by modifying our trial solution by a factor of x:

eﬂx’ xe/lx, xzelx’ o xr—le/lx.
- If A, A € C are conjugate roots & + if3, then Euler’s formula yields
(axif)x _ jax . ax i
e = e" cos fx + ie™ sin fix.
Extracting the real and imaginary parts yields the solutions

e cos fx, e** sin fx.

IfA, 1 € Care repeated roots, then we can extend the result on real
repeated roots by modifying our solutions with a factor of x:

e* cos fx, xe** cos fx, x2e® cos Bx, ...,

e® sin fx, xe** sin fix, x2e% gin Bx, ....

Theorem 12 (Superposition Principle). Let y; (x) and y; (x) be solutions

to a homogeneous linear differential equation
any™ + a1y D 4t ay +agy =0
Then, a solution to the differential equation is also given by

Y (x) = c1y1 (x) + cayz (x), foralley,cz € R.



Example 13. Find the general solution to
4y + 12y’ +9y = 0.
Solution. The characteristic equation is
422412049 = (2A+3)% =0,

with a repeated root A = —3/2. Thus, solutions are given by e2* and

xe™2%, and the general solution is given by
y= cle_%x + czxe_%x.
Example 14. Find the general solution to
y" -6y +13y = 0.
Solution. The characteristic equation is
A2 —61+13=0.

By the quadratic formula, we find complex conjugate roots:

6+ V36 —52
A:—z =3+2i.

Thus, solutions are given by e3* cos 2x and e3* sin 2x, and we may form

the general solution
y = c1e> cos 2x + cye”™ sin 2x.
Example 15. Find the particular solution to the following differential

equation:
144

y'-y=0, y(0)=5 1y’ (0)=3.
Solution. The characteristic equation is
MP-1=0,
which has distinct roots A = —1, 1. We thus have the general solution

y(x) =cre™* +cpe”.

To determine the values of ¢; and ¢z, we plug in the initial conditions.
Note that

Y (x) = —cre™™ +coe”.

Thus, when x = 0,
y(0)=ci+c2=5 vy (0)=—-ci+c2=3.
We can now solve for the values of c;and c,:
€1 + C2 = 5 C1 + Co
=
-1 + ¢ = 3 2¢,

Hence, ¢, = 4 and ¢; = 1, and the particular solution is thus

y(x) =e ™™ +4e".

A BOOK OF EXAMPLES
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Example 16. Determine the general solution of the following fourth-

order differential equation
y@ —5y” — 36y = 0.

Solution. The characteristic equation is

At =522 -36=(1-9) (A*+4) =o0.
It has four roots:
» two real roots A = —3, 3, from which we have solutions e3* and e3;
» complex conjugate roots A = +2i, yielding cos 2x and sin 2x.
We can thus construct the general solution:

y = cre > +cpe® + c3 cos 2x + ¢4 sin 2x.



3

The Harmonic Oscillator

3.1 Non-Homogeneous Linear Differential Equations

» Consider the non-homogeneous second-order linear equation

v +py' +qu=f(x), where f(x)#0.

The general solution to this differential equation is given by

y(x) =yp (x) +y, (x),

where yj, (x) is the general solution to the complementary homogeneous
equation y” + py’ + qy = 0, and y,, (x) is any particular solution.

» When f (x) involves simple functions, we can attempt to ‘guess’ y, (x)
by the method of undetermined coefficients. For example,

— if f (x) is a polynomial of degree n, we let y,, be an arbitrary nth
degree polynomial with undetermined coefficients;

- if f (x) contains an exponential ¥, then we try Yp = Aek* where
A € R is an undetermined coefficient;

— if f (x) contains either coskx = Re(e’**) or sinkx = Im(e’*¥), we
can instead solve for the real or imaginary solutions, respectively,
of the complex equation y” + my’ + ny = e'** by trying yp = Aetkx,

where A € C is an undetermined coefficient.

Modification: If any term of the trial solution is already a solution of
the complementary equation, multiply your trial solution by x.

» Given a solution yj (x) to the complementary equation, we can per-

form a variation of parameters to obtain a particular solution:

Yyn (x) = cryp (%) +e2y2 (%)~ yp (x) =u (%) 41 (x) +0 (x) y2 (%),

where the functions u (x) and v (x) are given by

u(x)=—‘/,y2—f,dx, v(x)=/,y1—f,dx.
U1y, —Y1Y2 Y1y, — Yq1Y2
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Example 17. Find the general solution to
y” +4y = 2¢*.

Solution. The characteristic equation of the complementary equation is

A% +4 =0, with complex roots A = +2i, and so
Yp = €1 COS 2X + ¢ sin 2x.
We now find a particular solution: since f (x) = e?*, we might guess
yp = Ae™.

Then, y, = 2Ae* and Y, = 4Ae?*, and substituting these into the
equation,
4Ae™ +4 (Ae™) =28 = B8A=2

so A = 1/4. Hence, we have the particular solution y, = ¢**/4, and we
obtainthe general solution is

2x
Y = ¢1 COS 2x + ¢y sin 2x + o

Example 18. Find the general solution to
Y’ +y -2y = 4x*

Solution. We begin by solving complementary equation y”’ +y’ — 2y = 0.
The characteristic equation is

Mrl-22=A-1)(1+2)=0 = A=1,-2.
Hence, we have the solution of the complementary equation
2x

yp = cr1e* +cze”

We now find a particular solution: observe that f (x) = x? is a polynomial
of degree 2, so, we might guess a particular solution to be a polynomial of

degree 2, as well: such a polynomial would take on the form
Yp = Ax?* + Bx +C.

We now determine the coefficients A, B, and C. Observe that yl’, =2Ax + B,
and y,’ = 2A. Substituting this into the differential equation,

2A+2Ax + B —2 (Ax* + Bx + C) = 4x*
—2Ax* + (2A = 2B) x + (2A+ B - 2C) = 4x°.

Comparing coefficients, we find that
—-2A=4, 2A-2B=0, 2A+B-2C=0.
Solving this, we find that A = -2, B = -2, and C = -3. So,
Yp = —2x% —2x — 3,
and hence, the general solution is

Y=yn+yp =cre’ +ce” ¥ —2x% —2x = 3.



Example 19. Solve

Yy’ +y —2y=sinx.
Solution. From the previous example, we have
2x

yp = c1e* +cze”

We now find a particular solution: note that both cosine and sine terms
can be differentiated to yield sin x. In order to minimize dealing with sines

and cosines, we recall Euler’s identity:
e = cosx+isinx.

In particular, sinx = Im (e™*) . Hence, we can equivalently solve for the
particular solution of the differential equation

y'+y -2y =€,
noting that we only want the imaginary part of the solution.
Since f (x) = e'*, we guess
yp = Ae™.
Since i is simply a constant, the derivatives are given by
y, = Aie'™, y =—-Ae™.
Plugging this into the differential equation yields

—Ae™ + Aie™ —2Aei™* =¥ = A(-3+i)=1.
—_—— ——  ——
y” y 2y

Thus, we find that

1 1 —3-i 3 1.

= = . = i
-3+i -3+i -3-i 10 10

Note that we only require the imaginary part of y,, :

3 1. ( +isinx)
=|-— - —1 cCosx +i1sinnx
Yp 10 10

3 1 . . 1 3 .
=——cosx+—sinx+i|——cosx— —sinx|.
10 10 10 10

Thus, a particular solution is given by

N 1 3
Im (yp) = —p COSX — 75 Sinx.

Therefore, our general solution is

1 .
X _ _ cosx — — sinx.
10

=cie’ +coe”
y 1 2 10

A BOOK OF EXAMPLES
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Example 20. Find the general solution to
y” -3y’ — 4y = 5¢**.
Solution. The characteristic equation of the complementary equation is
A—31-4=(1-4)(1+1) =0.

We thus have the general solution y;, = c;e** + cze™.

We now find a particular solution: since f (x) = e**, we might guess
Yy, = Ae*™*. Note, however, that such a guess will not work (try plugging
it into the equation!): in particular, if we were to construct the general
solution y = yp, + yp, this term ‘disappears’ into yj, leaving us with no

particular solution. We thus modify our guess: we instead try
Yp = Axe®,
Yp = Ae™ + 4Axe™ = Ae™ (1 +4x),
y, = 4Ae™ (1+4x) +4Ae™ = 4Ae™ (2+4x).
Substituting these into the original differential equation yields
4Ae™ (2 +4x) — 3 (Ae™ (1 +4x)) — 4 (Axe™) = 5¢*
8A +16Ax —3A — 12Ax — 4Ax = 5.

We find that 5A = 5, and so our ‘new’ guess works with A = 1. We thus
have y, = xe**, and we have the general solution

y = cre™ +cpe™ + xe™.
Example 21. Find a particular solution to
y” + 2y’ + 3y = 34¢€* cos 2x.
Solution. First, we observe that f (x) = 34e* cos 2x is equal to
Re (34e*e'™) = Re (34ex(1+2i)) .
Thus, we can equivalently solve for
Yy +2y" +3y = 34ex(1420)
noting that we only want the real part of this solution. We try
yp = Ae*(1+2)
y;, =A(1+2i) eX (1420
y, = A(1+2i)? ) = A (=3 +4i) 7).
Substituting this into the equation, we have
A (=3 +4i) 02D £ 2A (1 + 21) (12D 4 34X (142D = 34, (1420
and A (2 + 8i) = 34. Simplifying this, we find
34 17 1-4i 17 -68i

A= - = - - - = =1-4i.
2+ 8i 1+4i 1—-4i 17

So,
Yp = (1—4i) e* (42D = o (1 — 4i) (cos 2x + i sin 2x)
=¥ (cos 2x + 4 sin 2x + i (—4 cos 2x + sin 2x)) .
Thus, a particular solution is given by

Re (y,) = €* (cos 2x +4 sin 2x) .



Example 22. Find the general solution to
y” +y = tanx.

Solution. The characteristic equation of the complementary equation is
A2 +1 =0, with complex roots A = +i. Thus, we have

Yp = €1 COSX + ¢z sinx.

We can produce a particular solution by varying the parameters: letting

x) = tanx, y; (x) = cosx and vy, (x) = sin x, we have
Yy Yy
yp = u(x) cosx +o (x) sinx,

with

u(x):—/,yz—f,dx, v(x):/,yl—f,dx.
Y1Yy = Y1Y2 Y1Yy = Y1Y2

Since y/ = —sinx and y, = cos x, we have
1 2
’ ’ _ 2 22 _
Y1y5 — y1y2 = cos” x — (—sin®x) = 1.

Thus, we find that

2
u(x)=—/sinxtanxdx=—/ X ik

COSs X

1—cos®x
=— —dx = cosx —secx dx
cosx

=sinx — In|secx + tan x|,

v(x)=/cosxtanxdx=/sinxdxz—cosx.

Hence, a particular solution is given by

yp = [sinx — In|sec x + tan x|] cos x — cos x sin x

= —In|sec x + tan x| cos x.

We thus have the general solution

Y = ¢1 COSX + ¢z sinx — In |sec x + tan x| cos x.

A BOOK OF EXAMPLES
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3.2 Simple Harmonic Motion
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Example 23. Find the general solution to the equation of motion of a

simple harmonic oscillator:

i = —w’x.

Solution. We have a second-order homogeneous linear differential
equation, whose characteristic equation is given by

P+e’=0 = 1=zio.
A general solution is thus given by
x(t) = Acoswt +Bsinwt, A,BeR.
Equivalently, we may write
x (t) = Rcos (wt — @), where R = VAZ + B2,

To see this, observe that A, B, and R = VA? + B2 form the sides of a right
triangle, as illustrated below. Let ¢ be the angle between the side of length
A and the hypotenuse.

A

Then, cos ¢ = A/R and sin ¢ = B/R, and we may rewrite our solution as:
x (t) = Acos wt + Bsin wt
A B .
=R| = coswt+ — sinwt
R R
= R (cos ¢ cos wt + sin ¢ sin wt)
= Rcos (vt — @) .

Example 24. Consider an undamped harmonic oscillator equipped with
an external sinusoidal driving force, such as one supplied by a motor
attached to the oscillator. The equation of motion is given by

% = —w?x + F cos yit.

The phenomena of resonance occurs when the angular frequency of the
driving force is equal to that of the oscillator: that is, ¥ = ©. Determine
the function x (¢) that describes the oscillator’s motion under resonance.

Solution. We wish to solve the non-homogeneous differential equation
%+ w?x = F cos wt.

We can do this using the method of undetermined coefficients. To begin,
we already have the solution to the complementary equation

Xp = Acos wt + Bsinwt = Rcos (wt — ¢) .

To find x,,, we consider the non-homogeneous part F cos wt = Re {Fei“)t} .

We can thus consider the complex differential equation

#+ w’x = Fe'“!,

noting that we only require the real part of this solution.

25
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We can first try

_ iwt
xp = Ce™™".

Note, however, that Re {Cei“’} = C cos wt appears in x;; we thus need to
modify our guess. Let
xp = Cte'®?.

Then,

xp = Ce™! + Ciwte™! = Ce'®! (1+iwt),

%, = Ciwe™" (1+iwt) + Ciwe™" = Ciwe™" (2+iwt).
Plugging these into the differential equation yields:

Ciwe'" (2 +iwt) + w* (Ctei“’t) = Fel®t

Ciw (2 + iwt) + Ctw? = F.

We thus find that 2Ciw = F, or

Our particular solution is thus

F ; F
xp = |—i—|te'" = —i—t (coswt +isinwt).
20 2w

We only require the real part of this solution:
F
Re {x,; = —tsinwt.
) = =
Thus, the motion of an oscillator under resonance is given by
Fo.
x (t) = Rcos (0t — @) + z—t sin wt.
®

Observe that as t goes on, x (t) continuously increases, and the amplitude

of the oscillation grows until it goes out of control.

X




4
The Laplace Transform

4.1 Basic Properties

» The Laplace transform of f (¢) is defined by

LIFOI=F (=] /hf(t) <t gt
— F(s) = lim et dt,
h—e Jo
and f (t) is the inverse Laplace transform of F (s): f (t) = L7 [F (s)].
Theorem 25 (Linearity). Given functions f (t) and g (t),
Llaf (t)+bg ()] =aL[f ()] +bL[g ()], foralla,b e R.
Theorem 26 (The First Shifting Theorem). Let F (s) = £ [f (t)]. Then,
Lle“f()]=F(s—a).
Theorem 27 (Derivatives). Given a function f (t),
L [f<"> (t)] =s"L[f (O] =s""f(0) = =sf? (0) - "7V (0).
Theorem 28 (Differentiation Property). Let F (s) = L [f (¢)] . Then,

LI"f ()] = (=)"F™ (s).

Example 29. Use the definition of the Laplace transform to compute
L [f (¢)] for the function f (¢) =t,t > 0.

Solution. We directly apply the definition of the Laplace transform:
h

L [t] = lim t-eStdt

h—eo Jo

he—sh e—sh 1
~ lim (_ _, _) |
h—oo
This limit exists when s > 0:

Li=2 s>o
S
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Example 30. Find the inverse Laplace transform of F (s) = ———.
s2+25s—3

Solution. We perform a partial fraction decomposition of F (s):

1 1 1 1 1

F(s)

= —= + . .
s2425—3 4 s+3 4 s-—1

We take the inverse transform of F (s) term by term, with reference to the

table of Laplace transforms:

1

s+3

L] =g L

1 1 1 1
+-- L7 =——e M+ -¢.
4 [5—1] 4 4

Example 31. Evaluate £ [e* cos wt] .

Solution. Let F (s) be the Laplace transform of cos wt. By the First Shift-
ing Theorem, we simply replace every instance of s in F (s) with s — a:
s—a
Lle*coswt|=F(s—a) = —————.
[ ] (s —a)® + w?
Example 32. Find the inverse Laplace transform of
1-3s

F(s) = ——.
©) s2 +8s+32
Solution. Observe that the denominator cannot be factored; thus, we try
a different way of manipulating this expression. Completing the square,

s2+8s+32=(s°+8s+4%) +32 - 4% = (s +4)* + 16.

We may thus apply the First Shifting Theorem, but in order to do so, we
need to rewrite the numerator.
1-3(s+4-4)  -3(s+4)+13
(s+4)2+16  (s+4)%+16
3(s+4) 13
(s+4)2 442 " (s+4)%+42

F(s) =

We now take the inverse Laplace transform of F (s):

s+4 13 4
LT[F ()] =-3L" YT - N2 a2
(s+4)"+42 4 (s+4)°+42
13
= -3¢ % cos 4t + 16_4' sin 4t.

Example 33. Use the definition of the Laplace transform to compute the
Laplace transform of a given function’s derivative, f’ (t).

Solution. We directly apply the definition of the Laplace transform:

h
LIf (0] = Jim /0 e (1) di.

Integrating by parts, let u = e™*! and dv = f’ (t) dt. Then, du = —se™*'dt,
v=f(t),and

h
L1701 = Jim e f 0l = [ (s ) £ 0)

h
——f @+s fim [0
CF ) +sLIF ()]
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Example 34. Use the definition of the Laplace transform to show that,
given a function f (1),

L[tf (D] =-F(s).

Solution. Let F (s) = L [f (¢)]. Differentiating this expression with
respect to s, we have

h
F' (s) = %hhlr:o/o e S (1) dt
h

= hgl;lo‘/o (=t)e St f(t) dt

h
= — lim / e [tf ()] dt
h—o Jo
= —L[tf O],
Example 35. Solve the initial value problem
y+2y=0, y(0)=2

Solution. Taking the Laplace transform of both sides of the differential
equation, we have

Ly +2y] = L][0].

Evaluating the left-hand side, observe that

L[y +2y] = (sL [yl -y (0) +2L [y]
=(sLlyl-2)+2L[y]
=(s+2) L [y] -2

The right-hand side is simply £ [0] = 0. Thus, we have

s+2) L[yl -2=0 = L[y]zﬁiz.

Therefore, taking the inverse Laplace transform of both sides, we arrive at
the particular solution to the differential equation

1
=2- L7 |—| =2
v £ [s+2] ¢

This is indeed correct—notice that the differential equation is separable,
and we arrive at the same answer! Observe that

d 1
d—z+2y=0 = /—dyz/—zdt = Inly|=-2t+c.
y

Exponentiating both sides yields

e72x+c — Ae*2t

y= )

and since y (0) = 2, we have A = 2, yielding the same particular solution

y=2e2,

29
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Example 36. Solve the initial value problem
y' -y -2y=0, y(0)=1, y (0)=0.
Solution. We take the Laplace transform of both sides of the equation:
LIy -y -2yl = L[0].
We expand the left-hand side of the equation:

LIy -y -2yl =L[y']-LIy]-2L][y]
= (L [y] = sy (0) =" (0)) = (sL [yl =y (0)) - 2L [y]
= (L) -1) - LIyl -1 -2L[y]
= (sz—s—z).ﬁ[y] —-s+1.

Since £ [0] = 0, we have

s—1 s—1
—s—2 (s=2)(s+1)

(s*-s-2) L[yl -s+1=0 = L[y]= 2
To compute the inverse Laplace transform of £ [y], we take its partial
fraction decomposition:

s—1 A N B (A+B)s+A-2B
(s—2)(s+1) s—2 s+1 s2—s-2 '

Thus, A+ B=1and A— 2B = —1. Hence, B=2/3 and A = 1/3, and

s—1 1 1 2 1
Lyl = GG-2)(s+1) 3 5-273 s+1

Taking the inverse Laplace transform of both sides, we find that

Sl
3 s-2

2 1 1,
+--——|=-e"+-e
3 s+1] 3 3

-t

y=L

Verify that you obtain the same result by solving the equation as a homo-

geneous linear equation!
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4.2 Step Functions and the Unit Impulse
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Example 38. Describe the graph of
y(t)=u(t—a)—u(t—>b), where0 <a<b.
Hence, describe the graph of
z(t)=f () [u(t—a)—u(t—->b)], where 0 <a <b.
Solution. By the definition of the unit step function,

0-0=0, t<a,
y()=41-0=1, a<t<b,
1-1=0, t>b.
This is simply a function that has value 1 over the interval (a, b) and is

zero elsewhere. Thus, the function z () takes on the graph of f (t) over
the interval (a, b) and zero elsewhere:

0, t<a,
y(t)=49f(@), a<t<b,
0, t>b.

Example 39. Consider the piecewise function given by

2, 0<t<l,
f@)=13t/2, 1<t<mn/2

cost, t>m/2.

Write f (t) in terms of the unit step function, and hence find the Laplace
transform of f (¢).

X
N\
/

N P ‘\ !

Solution. We can rewrite f () by taking the products of the function’s
values with the corresponding difference of unit step functions:

f(t):2(1—u(t—1))+§ [u(t—l)—u(t—%)]+cost~u(t—g)

2

:2(1—u(t—1))+§~u(t—1)—%-u(t—g)+cost-u(t—%).

We now take the Laplace transforms of each term. The first term is fairly
straightforward:

e

L[Z(l—u(t—l))]zz(%——s).

N

Figure 1: Graph of the function f ().



For the second term, we apply the Second Shifting Theorem,
tz 1 -s 2
L E-u(t—l) = Ee L [(t+1) ]
e—S
=L [t*+2t+1]
e’ (2! 2 1)
=—|=+5+-].

Similarly for the third term,

2

L [t_ ‘u (t - Z)] = %e‘s”/z,[:

2 2
2
e 2L+t + —
Losnp (2, m 7
2 3 s 4s

Finally, we have

foscale-Z)| el )

=72 £ [-sint]
e—sn/Z

T2+

We can now combine all our results to form F (s) = L [f (¢)]:

1-e* 1 1 1 1 & 7t 1
F(s)=2 te ¥ |t o+ — |+ o =+ -
© ( s ) (33 s? 23) s 22 8  s2+1

Example 40. Find the inverse Laplace transform of

1+e™™
F(s) = ————.
(©) s2+1
Solution. The exponential term suggests that f (t) = L7} [F(s)] isa
piecewise function. Applying the Second Shifting Theorem,

—TTSs

| 1+e™ Lo e
s2+1 s2+1 s?2+1
=sint+u(t—m)sin(t—m).
Note that since sin (t — ) = —sin t, we have

sint, 0<t<um,

0, t> .

f(t)=sint(1—u(t_”))={

~N
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Figure 2: Graph of the function f (#).
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Example 41. Consider a damped oscillator which is struck by a hammer
at time ¢ = 1. The equation of motion is given by the differential equation

j+3y+2y=6(t—-1), y(0)=g(0)=0.
Determine the function y () that describes the motion of the oscillator.

Solution. Take the Laplace transform of both sides, we have

e—s

2 _ s -
SLy+3sLlyl+2Llyl =7 = Llyl= 5.

Observe that we may rewrite the above expression—taking a partial frac-
tion decomposition

e* e’ 1 1 s
= = — e .
$2+3s+2  (s+1)(s+2) s+1 s+2
Taking the inverse of the above function,

(L _ ! ) e_s] =u(t-1) (e_(t_l) - e_z(t_l)) .

-[.:_1
s+1 s+2

Thus, the solution to the initial value problem is given by

0, 0<t<l,
y (1) =

e~ (=D _om2(t=1) 5 g



5
Partial Differential Equations

5.1 An Introduction

» A partial differential equation is an equation involving one or more
partial derivatives of a function that depends on two or more variables.

» The order of a partial differential equation is the order of the highest
derivative in the equation.

> A solution of a partial differential equation is a function that satisfies
the equation. In general, there are many solutions to a single PDE,
and unlike ordinary differential equations, these solutions may all be
entirely different from each other

» A partial differential equation is linear if it is of the first degree in the

unknown function and its derivatives.

» If each of the terms in the linear equation contains either or one of its
partial derivatives, then the equation is homogeneous; otherwise, it is
nonhomogeneous.

» In some cases, we can ‘construct’ a solution to a partial differential
equation by the method of separation of variables:

1. Suppose that a solution exists of the form u (x,y) = X (x) Y (y) .

2. Replace all expressions of u (e.g., u, tix, Uy, . . . ) in the differential
equation with their corresponding expression in terms of X and Y
(g, u=XY,ux =X'Y,uy = XY, uyy = X'Y’,...).

3. Separate all the terms involving x and the terms involving y, and
equate both sides to a separation constant k.

4. Solve the ordinary differential equations in x and y to obtain

u(x,y)=X(x7Y(y).

Theorem 42 (Superposition Principle). Let u; (x,y) and uz (x,y) be solu-
tions of a homogeneous linear partial differential equation. Then, a solution

is also given by

u (x,y) = crug (x,y) + caup (x,y), foranyci,c; € R.
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Example 43. The two-dimensional Laplace equation is given by
Uxx +Uyy = 0.

Show that the functions u (x,y) = x> — y? and u (x,y) = € cos y are both
solutions to the Laplace equation. Hence, conclude that a solution to the
Laplace equation is also given by

u(x,y) =5x* -5 (e’ cosy +y°).
Solution. We compute the partial derivatives of u (x,y) = x* — y2:
Uex = (2%), =2, uyy = (-2y), = -2.

Plugging this into the Laplace equation, we find that u (x, y) is indeed a
solution:
Upx +Uyy =2—-2=0.

Similarly, we compute the partial derivatives of u (x,y) = e cos y:
Uxx = (€7 cosy), = €' cosy, uyy = (—e*siny), =—e* cosy,
and we verify that u (x, y) satisfies the differential equation:
Upx +Uyy = € cosy —e* cosy = 0.

The Laplace equation is homogeneous and linear: by the Superposition

Principle, we find that
u(x,y) =5x° -5 (" cosy +y°) =5 (x* —y®) — 5¢* cosy
must also be a solution to the partial differential equation.

Example 44. Use the method of separation of variables to find a solution
to

Uy +xuy = 0.

Solution. Suppose that a solution of the form u (x,y) = X (x) Y (y)
exists. Then,

uy (1,y) =X ()Y (y), uy(xy) =X (x) Y (y).
Plugging this into the differential equation, we find that
X'Y +xXY' =0.

We now perform a separation of variables, noting that the functions X
and X’ only involve the variable x, and Y, Y’only involve the variable y:

, , 1 dX 1 dY

X'Y = —xXY e -4

xX dx Y dy

Observe that equality holds for all values of x and y—this is only possible
if both expressions were constant. Thus, we may set

1 dX 1 dY

X Ix _—?-d—yzkforsomekelR.
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This gives rise to two ordinary differential equations, one in x, and an-
other in y. We solve these equations in turn.

1 dX 1 2
— .2 = /—dXz/kxdx —  In|X|=kX +c,
xX dx X 2
1 dy 1
— ==k = /—dY:/—kdy = Inl|Y|=-ky+d.
Y dy Y

Exponentiating both expressions, we have
X (X) — ekx2/2+c — Aekxz/z’ Yy (y) — e—ky+d — Be—ky.

By our initial assumption, the product of X (x) and Y (y) forms the solu-

tion to the original differential equation:
u (x: y) =X (x) Y (y) = (Aekxz/zBe’ky) — Cek(xz/ny).

Example 45. Use the method of separation of variables to find the solu-
tion to the partial differential equation

Xy = U+ Yuly
that satisfies the conditions u (1,1) =2 and u (1,2) = 8.

Solution. Letu = X (x) Y (y). Then, u, = X'Y and u, = XY’, and the

differential equation becomes

o ’ X _y ’
xX'Y = XY +yXY = =X -1==Y"
X Y

Setting both sides equal to k, we arrive at two ordinary differential equa-
tions which we can solve:

1 1
Ix'—1=k = /—dX:/(k+1)—dx — n|X| = (k+1)In|x| +c,
X X x

1 1
Yyr ok /_dy=/k_dy — In|Y| = kln|y| +d.
Y Y y

Exponentiating both sides, we thus find that
X (x) = Ax**1, Y (y) = By
So, a solution to the partial differential equation is given by
u(xy)=Xx)Y @y = ka+1yk, where C € R.
To find a particular solution, we use the given conditions.

u(1,1)=C-1-1=2 = C=2
u(1,2)=2-1-2k=8 = k=2

Thus, the particular solution is given by

u(x,y) = 2x°y°.

37



38 MA1512 — DIFFERENTIAL EQUATIONS FOR ENGINEERING

5.2 The Heat Equation

» The dispersion of heat on a metal rod of length ¢ is described by the
heat equation

utzczuxx, O0<x<{t, ¢t>0.

The constant c? is known as the thermal diffusivity of the metal, and
the solution u (x, t) describes the temperature of the rod at a given
point x and time ¢. Assuming that the rod is insulated at its ends x = 0
and x = ¢, we have the boundary conditions

u (0,t) =0, u(t,t) =0.

If the initial distribution of heat is given by the function f (x), then we
have the initial condition

u(x,0) = f(x).

Example 46. Use the method of separation of variables to find a solution

to the heat equation given the initial and boundary conditions
U = Py, u(0,8)=u(6,t)=0, u(x,0) =f(x).

Solution. Letu (x,t) = X (x) T (¢).Then, u; = XT, e = X"'T :
plugging this into the heat equation,

T’ = EXT 1 1dT 1d°X

=C fr—t —_—_—— = — —

2 Tdt Xdx?

Setting both sides equal to a constant k, we obtain two ordinary differen-

tial equations. The first-order differential equation in ¢ is easy to solve:
1
/ =dT = / ckdt = InT=ckt+d = T=Ae".

Now, consider the second-order differential equation in x:

1d’X
——=k = X'"-kX=0.
X dx?

This is a second-order homogeneous linear differential equation: the
characteristic equation is given by

MP-k=0 = Ai==Vk

The nature of the solution X (x) now depends on the value of k, but we
know that it will involve either exponentials or sines and cosines.
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By our initial conditions, u (x,t) must be 0 at both x = 0 and x = ¢.
This would be impossible of u (x, t) only involved exponential terms;
hence, X (x) must be trigonometric. In particular, we require that k < 0,
which yields the solution

X (x) =c; cos (V—kx) + ¢y sin ( V—kx) .
Thus, a general solution to the heat equation is given by
u(x,t)=Xx)T(@) = ekt (0{ cos (V—kx) + fsin (V—kx)) )

We now find the values of the constants «, $, and k. Given the boundary
conditions u (0,t) = 0 and u (t,£) = 0,

u(0,1) = e“* (acos0+Bsin0) =ae ¥ =0 = a=0,
u(t,t) =e* (/3 sin ({’\/—_k)) =0 = fsin ((\/—_k) =0.
Since @ and f cannot both be 0, the second equation implies that
sin(t’\/—_k)zo e —k:%, forneo0,1,2,....
Thus, k = —n?7%/¢2. Thus, our solution is now given by
u(x,t) = Bpe "7 sin (nTﬂx) )

In order to deduce f,,, we use the initial condition u (0,x) = f (x) :

nit

u (x,0) = f, sin (TX) =f(x).

Observe that for different functions f (x), the heat equation will have
different coefficients and, as expected, different particular solutions.

Example 47. Solve the partial differential equation
U = 2Uyy, 0<x<3, t>0,

given the boundary conditions u (0,) = u(3,t) = 0 and the initial
condition u (x,0) = 5sin (47x) .

Solution. This is simply the heat equation with ¢*> = 2,¢ = 3, and
f (x) = 5sin (47x) . We have already found its solution:

n
u(x,t) = ﬂne_znz”zt/g sin (?ﬂx) ,

and it remains to determine the values of n and f,,. By the initial condition

u (x,0) = 5sin (47x), we have at t = 0
nm
B sin (?x) = 5sin (47x) .

Observe that n must hence be 12, and so ;2 = 5. Thus, a solution to the
heat equation under these conditions is given by

u (x,£) = 5e 21470 gin (47x) = 5¢7327 sin (47x) .

39






Table of Laplace Transforms

f@)=LT[F(s)]

F(s)=L[f ()]

1 1
S
eat 1
s—a
|
t" forn € N n
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Vi T
233/2
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cos at B —
s2 + g2
. a
sin at

s2 + g2
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